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Correlations for Parameter-Dependent
Random Matrices

P. J. Forrester' and T. Nagao?
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Correlations for parameter-dependent Gaussian random matrices, intermediate
between symmetric and Hermitian and antisymmetric Hermitian and Hermitian,
are calculated. The (dynamical) density-density correlation between eigenvalues
at different values of the parameter is calculated for the symmetric to Hermitian
transition and the scaled N— co limit is computed. For the antisymmetric
Hermitian to Hermitian transition the equal-parameter n-point distribution
function is calculated and the scaled limit computed. A circular version of the
antisymmetric Hermitian to Hermitian transition is formulated. In the thermo-
dynamic limit the equal-parameter distribution function is shown to coincide
with the scaled-limit expression of this distribution for the Gaussian anti-
symmetric Hermitian to Hermitian transition. Furthermore, the thermodynamic
limit of the corresponding density-density correlation is computed. The results
for the correlations are illustrated by comparison with empirical correlations
calculated from numerical data obtained from computer-generated Gaussian
random matrices.

KEY WORDS: Random matrices; correlations; skew-orthogonal poly-
nomials.

1. INTRODUCTION

Mehta and Pandey'" introduced parameter-dependent Gaussian random
matrices intermediate between symmetric and Hermitian, and anti-Hermitian
and Hermitian, and calculated the corresponding equal-parameter n-point
distribution function. In the former case the distributions were evaluated in
the thermodynamic limit and subsequently shown (see e.g. ref. 2) to have
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70 Forrester and Nagao

observable consequences in models of quantum chaos with symmetry inter-
mediate between orthogonal and unitary. In both cases, for finite N the one
and two-point distribution can be empirically calculated from computer
generated Gaussian random matrices {examples will be given below) and
the theoretical predictions realized up to statistical accuracy.

In addition to the observable consequences of the results of Mehta and
Pandey, the actual calculations have a number of noteworthy features.
First, the problem of determining the joint distribution of the eigenvalues
of parameter dependent random matrices is equivalent to solving a Fokker—
Planck equation introduced by Dyson.!® This Fokker-Planck equation can
be interpreted as describing the Brownian motion evolution of a classical
gas of particles repelling each other by a logarithmic potential, and confined
to the neighborhood of the origin by a harmonic potential. Second, the
expressions for the equal-parameter n-point distributions extend Mehta’s
quaternion determinant expressions'®’ for the n-point distributions of
Gaussian symmetric and Hermitian random matrices.

Further aspects of parameter-dependent Gaussian random matrices
intermediate between symmetric and Hermitian, and anti-Hermitian and
Hermitian are the topic of this paper. In addition to the equal-parameter
distributions, a quantity of primary interest in the theory and applications
of parameter-dependent random matrices is the (dynamical) density—
density correlation 4p7((x,, 7,), (x5, 7,)). For the circular ensemble COE
to CUE transition this has been recently calculated in the thermodynamic
limit to be given by [ref. 5; only the case t,=0 was explicitly considered,
but a straightforward extension of the method gives the result for general 7,]
7
2

dp( )C)((xas Ta)’ (xb9 rb))

N o
— 2
=p? (J du, e~ o2 cos u, p(x, — X,)
1

i
- 2
X J du, '~ )2 cos mu, p(x, — X,)
0

e} e—-(t“+t,,)(npul)2/2 .
+J~ du, —————sin wu, p(x, — x,,)
1 Uy

1
2 .
x j ity upeat D2 5in 7y o(x, —x,,)> (1.1)
0

(the superscript (C) on the Lh.s. denotes the use of the circular ensemble,
7 denotes the parameter and x denotes the eigenvalue). In Section 2, after
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a brief revision, ,p[,) will be calculated for the transition between sym-
metric and Hermitian random matrices. In the large-N limit, after
appropriate scaling, the result (1.1) is reclaimed. Our method of calculation
makes use of skew-orthogonal polynomials and functional differentiation,
and we present formulas which are applicable to a wider class of Brownian
motion problems.

In Section 3 the transition between Gaussian anti-symmetric Hermitian
and Gaussian Hermitian (i.e. GUE) random matrices is considered. In
particular, it is shown how the results of Mehta and Pandey for the equal-
parameter distribution can be obtained in a systematic way by using the
skew-orthogonal polynomials of the previous section and the general
formulas of Frahm and Pichard'® which express the equal-parameter dis-
tributions as quaternion determinants. Furthermore, the scaled ¥ — oo
limit of the distributions is computed (this was not given by Mehta and
Pandey).

Sections 4 and 5 address a circular ensemble version of the anti-sym-
metric Hermitian to Hermitian transition. In Section 4, using the general
formalism of the previous section, the equal parameter distributions are
expressed as quaternion determinants, and the thermodynamic limit is
taken. Agreement with the expression obtained for the Gaussian case is
found. In Section 5 the dynamical density—density correlation ,p 5 ((x,, 0),
(x,, T5)) 1s computed in the thermodynamic limit.

2. DENSITY-DENSITY CORRELATION FOR THE GOE TO
GUE TRANSITION

2.1. Revision

Before calculating the density—density correlation, we will briefly revise
the definition of parameter-dependent Gaussian Hermitian random matrices,
the relationship between the corresponding eigenvalue distribution and the
Fokker-Planck equation, and the Green function solution of the Fokker-
Planck equation.

Definition 2.1. A parameter-dependent Gaussian Hermitian ran-
dom matrix H has all diagonal elements u;; (j=1,.., N) and upper diago-
nal elements u;, +iv;, independently distributed with probability density
functions

— exp ~ (u,— e~ uP)Y|1 (]
|l —e |
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and

Al—e 7 exp[ —2((uy— e~ uP) — (v —e 0R))/|1 —e =]

respectively.
We note from Definition 2.1 that the joint distribution of the elements
of H is proportional to

exp[ —Tr(H—e "H®)?/|1 —e~ %], 2.1

where H® is the N x N Hermitian matrix with diagonal elements u{)’ and
off diagonal elements u{p’ + v, and Tr denotes the trace.

The joint distribution of the elements of H for a specific value of the
parameter is obtained by averaging over the elements of H'®. For example,
if H® is a random real symmetric matrix from the GOE, the distribution

P(uy; 7) of the diagonal elements u;; is given by

J'oo du e~ —ws— e W —e= ]

1 1
V2 Sall—e 5| o0

1
=———————cexp —u;;/|l + e~ % (2.2a)

Jr|l+e %

while the distribution P(u; +iv;,; ) of the off diagonal elements u; + iv;
is given by

1 2 2 —2
P(ujk+ivjk;f)=7 T—:Z—fle“z”fk/““’ Il
N |l—e

@ 2 2
xj du e~ —2uy—e~ WL e~
-0

exp — 205, /|1 —e 7| = 2u} /|1 + e~ 7
(2.2b)

N

Proposition 2.1. Let the ecigenvalues of H'® have distribution
f(x49,..., x\) and denote by F(x,..., xy; T) the probability density function
(p.d.f) of the eigenvalues of H after averaging over f and the variables
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associated with the eigenvectors of H. Then F satisfies the Fokker—Planck
equation

oF N @& /oW 10
=YF S
£ where £= 2. 5% <ax,+za )
with
N
W=— Y loglx;—x;|+3 2 x?
1< j<k<N j=1

subject to the initial condition

F(Xl yoeey XN; 0) =f(x1,..., XN).

Proof. This result follows by changing variables in the Fokker—
Planck equation satisfied by (2.1) (see e.g. refs. 7, Appendix 5 and ref. 8).

Proposmon 2.2. The Green function solution G :=G(x{",.., x|
X5 Xn; T) Of the Fokker~Planck equation in Proposition 2.1 is given by

2 Xy — _
G=e"" ] ;roTTm H e~ detl g(x(?, x4 D ] kmr, v
lsj<k<N (2.3a)

where it is assumed x, > --- = x, and similarly x{9> ... > x@ and where
t N 1 N

g(x,y;r)-e“““z’/z s H(X)H"(y) e~ n+ D
\/_2"71‘

—t/2
— Y2 8x72 €

exp[ —(x—ye ™ )’/(1—e"*)] (2.3b)

—Zt)

=e
n(l —e

with H,(x) denoting the Hermite polynomial of degree n.

Proof. This follows since

—eVPe W=H-N?

where
1 N N 62 N
W=- Y loglxk—xj|+§ Y x; and H=-Y% T Y X2
1<j<k<N j=1 j=1 j o j=1

(see e.g. ref. 9).
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2.2. General Formulas

The (dynamical) density—density correlation is defined in terms of the
initial distribution f and the Green function G by

dp(g)((xa7 Ta)r (xb’ Tb))

0 0 0 [
= L dx(® ... Lxgyf(xg ),y XY
N
xL dx‘,”-nf dx P G(x$D, ey XV XV x5 1) Y (XD~ x,)
I =1

N
2 2 1 1] (2 2). 2
xf dx )J. dxPG(xV,, P [ x$D,, xP 51— 1) Y, H(x$P —x,)
7 I =1

_dp(l)(xa; 7,) dp(l)(xb; Tp) (24a)

where

Pyx;7) = JI dx{®... J., dx @ f(x\?,...., xP)

N
xf dx), f dxly G(x\0,.ce, XD X oy X3 T) Y, O(X)—X)
I I

=1 (2.4b)

and I=(—o0, o0).
This can be computed by introducing a generalized partition function

Z[a,b]
= L dx{®... L dx@f(x,..., x')
1 (1) g (D) (1) 4 1D ) ©) ] (D) ().
XN' Idxl a(x{M)--- zde a(xP) G(xP ey P12V, x5 7,)
1 @)y +(2) @) p( (2 (1 (D) @
xﬁfdxl b(x* )--‘J-de)b(xN)G(xl s XD XD @ g, 7))
YT I
(2.5)

and using functional differentiation. Thus from the defining formula

F) ©
505 | A f) dy =) (26)
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and the normalization property of the Green function
1 ' ’ ' '
m del e J.Ide G(xl,..., .lexl,-.., xN; T) = l (2.7)

we see that

2

dax,) ooy 08 ZLa llasar (28)

dP(Tz)((xa, Ta)s (X5, Tp)) =

Our task is therefore to compute (2.5) and (2.8) with G given by (2.3) and

N
f(,x‘l"’,...,x;y):-él— MMe @ 1 Ixe—xl (29)

N =1 1<j<k<N

which is the eigenvalue p.d.f. of the GOE (see e.g. ref 7).

To put this task in a more general setting, let w,(x) be an arbitrary
weight function with support in I, let {p;(x)},~o 1. denote the poly-
nomials orthonormal with respect to the weight function w,(x). We see
that the Green function (2.3) can then be written

G(x®,y x| X1 5er X33 T)

N

=eE°’ H wl(xj) H

0) (0) _ +(0)
o Wilx) o lken Xk X

Xp—X;

(2.10a)
where
gx, x; ) =wi(x ) wi(x) Y pi(x V) py(x) e7" (2.10b)
j=0
with
) 1 1/2
) = (w0 2 =2, py)=( 7 ) B, vt
meT (2.11)
and the initial p.d.f. can be written,
1 N
J(X 1oy Xn) = wl(xj) H ka_xj (2.12)

'’
Cle=1 I<j<k<N
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To calculate the corresponding density—density correlation define

Hi(xy, %235 7) :=%f1dy1 Ld)’z sgn(y2— 1) 8(¥1> X157) 8(¥2, X257)  (213)

and introduce the skew-symmetric inner product

188 = [ dyiwiy) [ dyawi(r) By v S 8(3) - (214)

The polynomials {U,(x;1)},_, ;.. are said to be skew orthogonal with
respect to the inner product (2.14) if

Uzl 5 D Uzai (50D (= = Ui (5 DN Ui 5 0D ) = 10,, 0,
(2.152)

and’

U5 D) Ul 577 = (U i3 D) [ U5 7)D7 =0 (2.15b)

(the quantity u,, is referred to as the normalization and 4,, , denotes the
Kronecker delta). It will further be assumed that the polynomials are
monic i.e. the coefficient of the highest power is unity. The polynomials for
general 7 can be constructed from the polynomials with 7=0.® Thus,
given

n

Ux;0)= 3, axpilx) (2.16a)

k=0

one

check that by defining
Ulx;7):= Y a,pilx)e* (2.16b)

k=0

we have
CUL5DUL51)0 =00 U500 (2.16¢)

and thus the polynomials (2.15b) are skew orthogonal with respect to the
inner product (2.14).
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In the particular case of interest, when the initial state is (2.9) which
is the eigenvalue p.d.f for the GOE, we know (see e.g. ref. 10) that at t=0

Un(x; 0) =272"H,,(x),
Usp 1 1(x; 0) = — &7 Zgé (e U, (x;0)) (2.17a)
=2"-1H, . (x)—m27""* ' H, _(x)

with

U, =22 /m(2n)! (2.17b)
Consequently, from (2.15b). and (2.11) we have

U, (x;T)=2"2me@m+ 12, (x) (2.17¢)

and

U2m+ I(X; ‘L‘) — 2—2m- le(2m+3/2)rH2m+ l(x) _m2—2m+ le(Zn'— I/Z)IHZ’"_ I(X)
(2.17d)

and the normalization for general 7 is still given by (2.17b).
Using the skew orthogonal polynomials, the formulas (2.5) and (2.8)
can be computed.

Proposition 2.3. For N even we have

N/2

where
ij=%J dxj dx' A,(x) A(x') sgn(x —x')
I I
with
4;(x) = L dy a(y) 8(x, y; 7.) B,(¥)

By(y)= [ dow(v) b(0) (v, yi 15— 7.) Uy (03 75)
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This gives

dP(Tz)((xa, ra)9 Xps Tb))

= N/ZZ_’ K2j+1,2j+ A (Xas Ta)s (X5, T5))
j=0 “
- N/zz_l <12/'+ 1,27 +20¥as Ta) Loy 1,274 2( X, T)
hi=0 W

_Izj+2, 2j'+2(xa’ 7,) sz'+ 1,2j+ (Xp, Tp)
2uu;.

_12j+ 1,2)"+ X4 T0) sz'+2. 2+ AXsp, 71,))

2u;u;
where
J
Ij,k(xas T,) =Hx_)ijla=b=l =w(x,) Uj— i(xg5 74)
x| dxg(xx,:7) B i(6) = (= k)
/]
Jj.k(xb’ Tp) =m ij|a=b=1 =Ij,k(xb9 Tp)
b
and

I<j, k((xa’ Ta)’ (xb’ Tb))
52
=m Hylsopan

W) wi(x) Uy—a(5a3 %) Va5 75) |

N -

x [ de'g( xai ) (¥, %53 7) sgnlx =) = (e k)
+wi(x) wilxy) glx,, xp5 15— 7,) Uj— (x5 T5)

x fldxg(x, X43 T) p_y(x) = (j o k)
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with
u(x) =1 [ dywi(y) sgalx—) Ui(3;0)

Proof. (Sketch) The formula for Z[ g, b] is obtained from the general
formula (2.5) by using the method of integration over alternate variables,”
while the formula for ,p[,, follows from the formula for Z[a, 5] by apply-
ing (2.8) and noting that

Bi(Mp<1=wi(») Ui_(y;72)

By the skew orthogonality property of {U;(x; 7)},_o, ... this implies that
fora=b=1

Hypri2ne1=—Hopit 2ms 1t =4a O s Hypw2n=Hypi1 2041=0

which makes the computation of the determinant straightforward.

Consider the GOE initial state (2.9). The skew orthogonal poly-
nomials at =0 are given by (2.17a), so from the definition of @, (x) in
Proposition 2.3 we see that

¢2k(x)=2'2"f Huy(p) e dy @yei(x)=—2"*e " Hy(x) (218)

All the quantities in Proposition 2.3 are therefore known explicitly. Our
immediate task is therefore to compute the scaled N — oo limit, where the
scaling required is*>

x> px/ /2N, > (np)? /2N (2.19)

In the limit (2.19) the Fokker-Planck equation in Proposition 2.1
approaches the Fokker-Planck equation describing transitions to the
circular ensemble with unitary symmetry (see Section 4), so it is expected
that the correlations will agree with those of the circular ensemble descrip-
tion in the thermodynamic limit. We remark that Proposition 2.3 requires
modification for N odd. However, since we are specifically interested in the
N — oo limit and there is no reason to expect that the parity of N will affect
the limit, it suffices to consider the N even case. (This is not true of the
anti-Hermitian to Hermitian transition considered in Section 3, as the func-
tional form of the eigenvalue p.df of a random anti-symmetric matrix
depends on the parity of N.)

822/89/1-2-6
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2.3. The Scaled N — « Limit

To compute the scaled N — oo limit of the sums in Proposition 2.3 we
first compute the asymptotic form of the summands. This approach is
justified by Theorem 3.1 of ref. 11. To compute the asymptotic form of the
summands we use the large-n asymptotic formula

I'(nj2+1) o= »
—FT’TI)— 2H (x)~cos(y/2n+1x—nn/2)

in the formulas (2.3), (2.17¢) and (2.18) for g(x, ¥; 1), U,(x; ) and D,{(x)
respectively. This gives

. 1y 14 1/4 ;
wi(x) Uz";{fzx 9 ! 1}}( <£> P22 sin(\/7 npx) (2.20a)

2 )
1/4 Ir(np)2/2
N )

U, (x; —-1)”
w,(x) z;(la/c2 1) ( 1/4) ( — cos(\/ 7px) (2.20b)
D, 1{X) (=1)" [ 2\"* cos(/ t mpx)
u'lr/zx N T LA (‘ﬁ) (\é)-lsz (2.20c)

@,,(x) (—1)"(%>1/4 np 1 sin(/1 npx) (220d)

u,? T J2N (=)' \/;np
1 [ N\
&(x, y; 1) ~ i <m) exp[ —(x — y)*/27]

(2N)l/2

pf du e~ 24 cos 2rp(x — yYu  (2.20€)

where ¢ :=2n/N.
Consequently, from the formulas in Proposition 2.3

JZj’+2,2j+l(x; 1)

1/2 ,1/2
rir;
(=17 2 e—zr(np)2/2
~—;z)— v 1 VAt 2 sm(\/— t npx) ——— sm(\/; npx)

ettt »/2 o~ 't(np »/2

FTAp T cos(\/t_' nPX) cos(\/? npx)) (2.21a)
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J2j+1,2j'+1(X; )

ryz12
~ (= lzﬁj' 1%- (emnpf:jft,_;/:‘nmzn sin(\/? npx)
x cos(y/t npx)—(t«—»t')) (221b)
sz'+2‘ 2j'+2(X; T)
rUz I

~ £ sin(\ /7 7px)

(—1)/*7 feteine V12— tx(rp)i/2
/4

(mr)t
X cos(\/; npx)—(t— t')> (2.21c)

K2j+l.2j+ A (X a0 T,), (X5, Tp)

u;

1 25 . ®
~Pe"‘«’“’b""””2 sin /¢ np(x,,—xu)f du
-0

e—2(tu+1b)(npu)z
X ———————— sin 27up{x, — x,,)
u

2
+ =5 e T2 ¢og np\/? (xp—x,)
T
@ 2
x f du e =25 WP o5 Drn(x, — x,) (2.21d)
— 0

where use has been made of the integration formula in (2.20e) and the
further integration formulas

1

{e o)
— dx e =2 gon(x — X'
(277) 2 j_oo gn( )
e—Zr(npu)z

1 =)
=—— J du ————sin 2nup(x, — x') (2.22a)
A u
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and

1

fe o]
—_— dx e~ %% gin 2mup(x, — x) = e~ 2 gin 2up(, — x
172 PAXp Pls a

(2n7) w0

(2.22b)

With the asymptotic formulas (2.21) we see that the sums in Proposi-
tion 2.3 are Riemann approximations to definite integrals. Straightforward
simplification gives

2
lim (—%) DI w3,/ /3N, (1p)? T, 2N), (2,2, (mp)? 7, /2N)

N—=
= P 5 (Xar Ta)s (X5, 7)) (223)

where ,p7C) is given by (1.1). Thus, as expected, the scaled N — oo limit
of 4pf, for the GOE — GUE transition agrees with the thermodynamic
limit of ;p7, for the COE — CUE transition.

To illustrate and to provide a realization of (2.23), we have performed
an empirical computation of ,p37((npx, \/2_]\7, 0), (npb/ﬁﬁ , Tp)) for
the eigenvalues of 10,000 pairs of 13 x 13 computer generated matrices (the
value N =13 is large enough to probe the N — oo behavior in the middle
of the spectrum). The first member of each pair is a random matrix from
the GOE, with elements specified according to (2.2) with t=0. The second
member is constructed from the first according to Definition 2.1 with a
certain value of t=1,. The eigenvalues of both matrices are calculated,
multiplied by the scale /(2N — (7x)?)'?? (the reciprocal of the density at
point x) so that the mean spacing is unity, and labelled —6 up to 6 sequen-
tially along the real axis. The distance from the middle eigenvalue (label 0)
of the first matrix to each of the eigenvalues of the second matrix with
labels —2,..,2 are recorded and used to compute the probability density
functions p(j; X) for the event that the distance X is in the interval
[X, X+dx] (dx is taken as 0.1).

To relate this to the density—density correlation suppose the eigenvalue
with label O of the first matrix occurs in some interval dx of the origin.
Then

(N-1)/2

P(0,0), (X, 7))=—1+ 3  P(j; X) (2.24)

—(N-1)2
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y((0,0),(X, 7))

% 5.8 [i 3
L

Fig. 1. Comparison between ,p7,((0,0), (X, 1)), t=0.05, as calculated empirically from
10,000 computer generated parameter-dependent random matrices of dimension 13 x 13 for
the GOE— GUE transition, and the theoretical prediction for the scaled limit of the same
quantity.

where P(j; X) denotes the probability density function for the event that
the scaled eigenvalue with label j of the second matrix occurs within the
interval [ X, X+ dx]. In (2.24) we make the approximation

P(—j; X)+ P(j; X) = 3(p(—J; X) + p(j; X)) (2.25)

which is exact in the N = oo limit when there is translation invariance, to
compute an empirical approximation to 4p,,. The result of this computa-
tion for t=0.05 is given as a bar graph in Fig. 1 and compared with the
theoretical curve as given by (1.1), with p=1, 7,=0 and 1, = 2Nt/n? (the
latter equation follows from (2.19)).

3. THE GAUSSIAN ANTI-SYMMETRIC HERMITIAN TO
GUE TRANSITION
3.1. Gaussian Anti-symmetric Hermitian Random Matrices

Gaussian anti-symmetric Hermitian random matrices are zero along
the diagonal, and have zero real part for the off diagonal elements. The
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imaginary part of the off diagonal elements v’(j <k) are distributed
according to the Gaussian probability density

Jet—r (1)

Averaging over this distribution in Definition 2.1 gives that the p.d.f. of the
elements of H for a specific value of the parameter 7 in the Gaussian anti-
symmetric Hermitian to GUE transition is given by (c.f. (2.2))

———-——_—z——exp[—uf,./ll —e %] (3.2a)
|l —e |

and

2
/=" exp[ —2u /|l —e ¥ =205 /(1 +e~*)]  (3.2b)

for the diagonal and off diagonal elements respectively. The eigenvalue dis-
tribution of Gaussian anti-symmetric Hermitian random matrices depends
on the parity of N. For both N even and N odd the eigenvalues come in
pairs +Xx,,.., £X(nz;, but for N odd there is also an eigenvalue at x=0.
The independent eigenvalues x,,..., X[ 5,27 have p.d.f

{ e, ,
X\ oy Xpn2y) = IT e %xnlx) H (xe—x;) (3.3)
N j=1 1< i<k <[N/2]

where xy(x,) :=1 for N even and yn(x;) =x] for N odd. Thus, unlike the
GOE — GUE transition, the correlations describing the Gaussian anti-
symmetric Hermitian to GUE transition will depend on the parity of N, so
the N even and N odd cases must be considered separately.

3.2. Equal Parameter Distribution Function

In general, for a given initial eigenvalue p.d.f f(x{%,.., x{?), the eigen-
value p.d.f. at parameter value 7, p(x,,.., xy; T) say, is given in terms of the
Green function by

p(xl,my xN; T)

1
- f dx(® ... f AXOL(, . xD) G0,y X [ X100 X3 T) (34)
- Y7 I
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The equal parameter distribution functions p,(x,,.., x,; ) are defined in
terms of p(xy,..., Xy; T) by

P X1y X3 T) = N(N=1) - (N—n+1)

xj dx,,H...j Xy P(X s X rr3 T) (3.5)
1 I
It is our task in this section to calculate p ,, when the Initial conditions are
given by
[n/2] .
J(X (s Xxy) =d(X 15y X[N/Z]) H 5(xj“ XN+1 —j) In(Xven)  (3.6)

j=1

where 7,(x)=1 for N even and 7 ,(x)=4J(x) for N odd (J(x) denotes the
Dirac delta function). The first step is to write (3.4) as a Pfaffian.

Proposition 3.1. Let the initial eigenvalue p.d.f. be given by (3.6)
and suppose G is given by (2.3). Then for N even the expression (3.4) can
be written as

P(X (s X3 T)

where

1 re du
H,(xy, x;;7) =3 L g(g(u, x;7) gl—u, y;1)— glu, y;7) g(—u, x; 1))

and E,= N? This formula remains valid for N odd, provided the Pfaffian
is replaced by

[Ha(xj’xk)]'.k=l ..... v [F(x;510) )1 N)
2Pf J J J
< —[Flxe; D) et w 0

where

F(x; 1) :=32(0, x;7)
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Proof. In the limits xy,,_;=x; (j=1.,[N2]), xXns1)2—0
(N odd) the Green function (2.3) multiplied by the distribution (3.3) reads

d(x(l())r 23 }(3\)//2]) G(x(lO)a .3 xg\(l)) lxl seeey xN; T)

Nz‘t N
H[N/2]2 [Twix) TI (x—x)detAy

Xj j=1 1<j<k<N

x22

where w,(x)=e~*7? and A, is given by

g(x”, x5 7)
and g(—x%, x5 7)

[ g(x{?, x,;7)
(09 xk; T)

g( x(O) xk,r)}’ L., [N/Z]

for N even and N odd respectively. With this structure the problem of
integrating over x{*,.., x{% ,; is of a known type (ref. 7, Appendix A.18),
and the Pfaffian structure results.

The next step is to introduce an appropriate skew symmetric inner
product:

SN := [ dyow(rn) [ dyawi(ya) Hiye v 9) S alp2) - (37)

(c.f. (2.14)). Note that in the limit r — 0, since g(x, y, ) = d(x — y) this
reduces to

S1o0=3 [T Eer(m g-n-f-ngx) (38

From the theory of Section 2.1 we know that the general 7-dependent skew
orthogonal polynomials can be written down once the 7 =0 skew orthogonal
polynomials are known in terms of the Hermite polynomials.

Now, from the orthogonality of the Hermite polynomials, it is easy to
check that

Unlx; 0) = Hy(x),

(3.9)
Uz +1(%; 0) = 2xH i (x) = Hy o (x) + 4k H 5 _ ((X)

with corresponding normalization

U= —2% /7 (2n)! (3.10)
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are skew orthogonal with respect to the t =0 inner product (3.8). Thus the
polynomials

Up(x; 1) =P T VD °H  (x) (3.11a)

Usi o 1(x; 1) = +¥2 1, L (x) + ke~ VD H,, ((x)

— __(1 __e——21) e(2n+3/2) texZ/(l —em 2ty

d ~ZT
xa(e"‘z/““’ H,,(x)) (3.11b)

where the last equality can be verified from the properties of the Hermite
polynomials,

:;—1; Ax)=2nH,_(x) and 2xH;(x)=H, (x)+2jH;_,(x) (3.12)

are skew orthogonal with respect to (3.8).

The structure of p in Proposition 3.1 can be combined with the skew
orthogonal property and Dyson’s theory of quaternion determinants''® to
give a closed form expression for p,,. Let us first recall that a quaternion
determinant, denoted Tdet, is defined analogously to an ordinary determi-
nant, as a signed sum over cycles, where the elements in the cycle are
quaternions (which can be represented as 2 x 2 matrices). When the corre-
sponding matrix is self dual, which means that the elements a;, and a,; in
positions jk and kj respectively are such that if

a b d -=b

a

the quaternion determinant is related to the ordinary determinant by
Tdet A = (det A)'72 (3.13)

On the rhs. the matrix A is that formed when the quaternion elements are
regarded as 2 x2 blocks to form a matrix with scalar elements.

The distribution function p,, can be written in terms of a quaternion
determinant according to the following results.®

Proposition 3.2. Suppose N is even. Define the skew-symmetric
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88
orthogonal polynomials with normalization u, (U,(x; 7) and u, are given

explicitly by (3.11) and (3.10) respectively) and set

Vipsoi=|  dy wi(y) Ha(3, '3 7) UdY'37)

We have
I (x;, %45 T)

S(Xj X45 T)

Ity n; =Td t
Pnf(Xt5es X3 T) ¢ [De”e"(xj, X3 ) STNxL, X35 T)

where
even Mot Wl(}’)
SN x, y; 1) = Z T(Vyc(?ﬁ T) Unj o t(¥; T) = Ve s i(%: 7) Ui 35 7))
k=0 k
N2y (x) wi(y)
Do, yiy= ¥ D) (o Uy ()
k=0 Uy
= Uy (x5 7) Uni(y; 7))
N/2—-1
I°(x, y;1)= Y. — (Vaesd(x30) Vol 33 7)
k

k=0

—Vaulx; 1) Vo (3 7)) — Hi(x, y; 7)

Proposition 3.3. Suppose N is odd and let {U,x,7)},.-0 1.,
{Vix,T)} n=o1. and {u,},_0.. (v—1y2_1 be as in Proposition 3.2 but

redefine ugy_y» by
Un_1y2 =AnN_1)2 where a, :=J dx wi(x) F(x) U,(x; 7)

Also introduce the quantities

- Uy_ilx;7)  (n=0,.,N-2)

Ux;1)=Uyx;7) -
(N—-1)/2

f]N— (% 1) =Upy_(x;7)

Vo= dwO)Hxy9 00 (1=0.,N=1)



Correlations for Parameter-Dependent Random Matrices 89

Then we have

SOdd(x, v; T) IOdd(X, ¥; T)}
Sok=1 n

Pk X 15 X5 T) =Tdet {D"dd(x, y;7) S9Ny x;7)

.....

where

(N—l)/Z—lw - -
s 0= 3 (P60 O (59)

k=0 k

= Voo a3 0) Uy o) + Flx;1) Uy _((y57)

UN_—1y2
V2=l (x)w - -
D(x, y;)= 3 MWD g Oy ()
k=0 k
= Uy 1(x57) Uil 35 7))
Nj2—1 I - .
I(l)dd(x’ v, )= Z — (Vo il 1) Vol ys 7)
k=0 Yk
= Vol x;7) Vo (33 1)) = Hi(x, p5 7)
1 - -
+ (Vn_ilx;7) F(y; 1) — F(x; 1) V_i{y; 1)
UN—1y2

We stress that these formulas are general in the sense that they still
apply whenever g is of the form (2.10b) (of course the skew orthogonal
polynomials are dependent on w,(x)).

In the case of specific interest, w,(x)=e , from the explicit for-
mulas (2.17c) and (2.17d) for U,(x; 7) and (2.3a) for g{x, y; 1), use of the
orthogonality property of the Hermite polynomials in the definition of V,
in Proposition 3.3 gives

—x22

Vo s1(x; 1) = e ™2 H, (x) e~ Cr+ U2+ (3.14a)

and

_2p (2n)! .o (=DFkl .
Vs 0y =e PSS B e ()

e—(2n— 1/2) t

_ __l_eTt_e—xl/zexz/n —e2) '[ e~ M= (u)du (3.14b)
e 0

(the second equality can be verified by multiplying both sides by
e<e=*1 =™ and then differentiating with respect to x; use of the
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formulas in (3.12) then shows that both sides are equal), while for a, as
defined in Proposition 3.3 and F as defined in Proposition 3.1 we obtain

a,=0, nodd a,=H0)=(—1)"?n!/(n/2)!, neven (3.14c)

All terms in Propositions 3.2 and 3.3 are therefore known explicitly, and
thus the equal parameter distribution for the Gaussian anti-symmetric
Hermitian to GUE transition is thereby given.

3.3. Comparison with the Results of Mehta and Pandey

Mehta and Pandey'!’ have given quaternion determinant expressions
for the equal parameter distributions calculated in the above section.
However the expressions of ref. 1 were not derived using the general for-
mulas of Propositions 3.2 and 3.3, and cannot immediately be identified
with our results. However, minor manipulation show that the two results
do indeed agree, as we will now demonstrate.

Consider for example the expression for the elements S*°"(x, y; 7) in
Proposition 3.2 given by Mehta and Pandey:

Nil e— (T + N2
¥Zo /7 2kk!
P e

a2V —1)

Seven(MPY . e 1) = H(x)H{y)

(=1)V2eM=VDTH Y, (y)

F U e, ) G
X (2k+1)' 2k+1 .

(in the final term we have written a sum whereas in ref. 1 it is given as an
integral; that the two expressions are identical follows by use of the
formulas (3.14b). On the other hand, from Proposition 3.2, (3.11) and
(3.13) our expression is

N—1 ,—(x2+y¥2

e
Seven(x’ ;T)= - HAXH
y IEO T () H( )

k even
(o) - l)n

—(x2+ y?)y2 __(_.._

te > SV Y

n=N/2 :

(e ¥2°H,, , ()

- 2 (=DFk!
4 (2n—-1/2)t (2k+3/2) 7
+4ne H2n—l(y)) kgn (2k+1)! 4 H2k+](x)

(3.16)
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We observe that the double summation has the structure
N/2—-1 oo
Z (X241 —%20—1) Z Dok

n=0 k=n

with o, :=0, which is equal to

Nj2—1 ©
Z %oy 102041+ Ay Z ba vy
n=0 k=N72

The agreement between (3.15) and (3.16) now follows.

The agreement between the other elements in the quaternion determi-
nant of Proposition 3.2 (and the elements in the quaternion determinant of
Proposition 3.3) as calculated from the formulas of this paper and those
given by Mehta and Pandey can be demonstrated by similar straight-
forward manipulation.

3.4. The Scaled N — oo Limit for N Even

To compute the scaled N — oo limit (N even) of p,, we found it con-
venient to use the expression (3.15) for $°(x, y; 1) and the expressions
for I***" and D***" as given in Proposition 3.2. As in Section 2.3, our
method is to compute the asymptotic behavior of the summands, which
requires the asymptotics of U,(x; ) and V,(x; t). From the asymptotic for-
mula for H,(x) noted below (2.19) and the formulas (3.11) and (3.13) we
find that in the scaled limit (2.20), with n/N :=1 fixed

wi(x) Up(x; 7) o 2\ ey
‘_ul_/22___~(—1) N —(Wcosnpx\/? (3.17a)
wl(x) U2n+1(X; T) 1 n 4 o 1/4 d
u,’ ~EUymlz) a
x (sin mpx |/t ™7 4e2) (3.17b)
V. ; —~1 n+1 12 (oo H S
Wil 1/2;(x T)N( 2) 74 (—A—]> J dsSm”P\/;e_(,w)-”/z (3.17¢)
ul A’m)#\2) Js

Wl(x) V2n+l(x;7) . 2 l/4e"(ﬂl))zlt/2
u'? ~(—1) v Wcosnpx\/? (3.17d)
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For the quantity I°**", also required is the asymptotic behavior of
H_(x, y; t). Now use of the asymptotic formula (2.20e) in the definition of
H, (recall Proposition 3.1) and interchange of the order of integrations
allows the integral over u to be carried out. This gives

N = ® 2,2 .2
Hyx y;t)~= [ doy [ doye2ercived
b/ —_ 0 —0

x sgn(v, + v, )(sin 2z, px cos 2nv,py — (x < y)) (3.18a)

which after the change of variables u; =v, + v,, u, =0, — v, reduces to

16N
H,x, y;1) ~— L dt e~ *77 cos 2mp(x + y) t

x|  ds e~ 4R sin 2o — ) 5 (3.18b)
0

Substituting the asymptotic formulas (3.17) and (3.18b) in the expres-
sion (3.15) for $°°" and the expressions for D***" and I***" in Proposi-
tion 3.2, we see that to leading order the sums become Riemann integrals.
Explicitly, after simplification we find

1/2
Sever(x, y; r)~(2N) Seven(x, ;1) (3.192)
Deven( . ) _I_Deven(x . T) (3 19b)
X, Vi T)~ 27zp s Vs .
4N
even . A —— even . -l
I°(x, ;1) p fen(x, y; 1) (3.19¢)
where
Seven(x’ ; T) — <Sin np(y—x) +2e(ﬂp)2r/2 sin npy
PEEP Ty —%)
X f ? em2mre? 2nspx ds) (3.20a)
1/2

172
D(x, y;T)=p <4np(y —-x) j ¥’ cos np(x + y) t dt
[}

+2¢% sin mp(y — x)) (3.20b)
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12 S
[ (x, y; 1) =p J dt e =297 cos 2mpyt
0
« —2np)sit o
xj ds e #7757 gin 2nspx — (x > )
1
«© 5 2 .
+4p f du, e gin 2rpu (x — )
0
<) 5 2
x J du, e =404 cos 2mmpu,(x + ) (3.20c)
0

and consequently

lim <;——2£——W>n pAmpx,//2N,..., npx,//2N; (np)* t/2N)

N— o

(3.21)

Tdet [ $(g, x5 7)1 x5 r)}
Shk=1tl..n

Do (x;, x5 1) S°(xy, X3 T)

3.5. The Scaled N — « Limit for N Odd

Comparison of Propositions 3.2 and 3.3 shows the quantities $° etc.
to be closely related to S¢V" etc.. This allows use to be made of the results
of the previous section in calculating the asymptotics of the sums in
Proposition 3.3 for N odd.

For example the sum defining D in Proposition 3.3 can be written

(N—-1)/2—-1 -
px yiym 3 L (G ) O (50— (s )

k=0 k

(N—-1)/2—-1

= 3 D ) s (i = ()
k=0

_ W= wi(x) wi(y)

{ kgo Uy

x( % )Uzm(y;r)UN_1<x;r)~(xHy)} (3.22)

AN-—1)2

The first sum of the second equality is essentially D" (the upper terminals
are slightly different, but this makes no difference to the scaled N— oo
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limit), and using (2.17b), (3.14c) and (3.17) the leading asymptotics of the
final term is readily computed. Combining the results we find

D(x, y; 1) ~ ~571r—p Dod(x, y; 1) (323a)

where
12 -
Do¥(x, y;t)=p <4np(y —Xx) j e*m P cos 2mp(x + y) t dt
0
— 2™ sin np(y—x)) (3.23b)

Proceeding similarly, we also find

(2N)1/2

S9x, y; 1) ~ T 8°%(x, y; 1) (3.24a)
I°%(x, y; 7)) ~ i °dd(x, y; 1) (3.252)
np
where
sin 7p(y — x)

+2eY <2 cos mpy

$°d(x, y; r)=p< (7 =)

x| ds e=2mRe o 2nspx> (3.24b)
1/2

12
[o%(x, y;1)=p UO dt e =27 cog 2mpyt
X J. ds e=2m0s™ §in 2mspx — (x y)>
t

+p <J dt e =27 co5 Dmpyt
172

® _ 2.2, .
x| dse " sin 2pspx — (x> y)
1/2

+4p J du, e=4PP 8t sin dmpu,(x — p)
0

x " duy e o5 dmpur(x+ ) (3.25b)
0
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and consequently (3.21) applies for the limiting value of p,, with $¥" etc.
replaced by $°% etc.

As with the density—density correlation of Section 2.3, it is possible to
empirically calculate the one and two point equal-parameter distributions
of this section using data from computer generated Gaussian random
matrices. For definiteness suppose N is odd. Now in the scaled N— oo
limit, {3.21) modified so that the superscripts “even” are replaced by “odd”
and the formula (3.13) for the computation of the quaternion determinant
gives

poy(x; T) =8%(x, x; 7) (3.26a)
and

Pafx, ¥; 1) =8%(x, x; 7) $°%y, y; 1) — (S°%(x, ¥; T) $°U(y, x; 1)
— D°¥(x, y; T) [°(x, y; 7)) (3.26b)

where $°4 is given by (3.24b), D°% is given by (3.23b) and [°% is given
by (3.25b).

On the other hand, these distributions are the scaled limit of the
corresponding distributions for parameter-dependent Gaussian random
matrices with elements distributed according to (3.2). To calculate
pay(x; 7) for these random matrices we choose a definite value of N
(N=11) and use a computer program to generate a large number M
(M =5000) of random matrices specified according to (3.2) with a definite
value of 7 (r=0.015). The eigenvalues of each matrix are calculated and
multiplied by the scale /(2N — (nx)?)'? so that the density at large distan-
ces from the origin is unity. The number of scaled eigenvalues in intervals
of length dX (dX =0.1) is calculated and divided by M to give an empirical
bar graph of the density. The bar graph is plotted in Fig. 2a and compared
with the theoretical curve specified by (3.26a), with p =1 and 7 replaced
by 2Nzt/n?.

The two-point equal-parameter distribution can be calculated empiri-
cally from a formula analogous of (2.24):

plX, Y;7)

) =Y P(j; X, Y) (3.27)

where P(j; X, Y) denotes the p.d.f. for the event that the scaled eigenvalue
with label j occurs within the interval [ X, X +dX], given that there is a
scaled eigenvalue at the point Y. The dash on the sum indicates that the
label of the scaled eigenvalue at Y is not included in the sum. To use this

822/89/1-2-7
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(a) pay(X;7)
2.55

s NP
SERE YRRV

(b) (0, X;7)/p(1y(0; 7)

1.2
1
0.8
.6

.4}t
2

-2 -1 1 2 X

Fig. 2. (a) Comparison between the density p;,(X; 7), = 0.015, calculated empirically from
5,000 computer generated parameter-dependent Gaussian random matrices, intermediate
between anti-symmetric Hermitian and Hermitian and of dimension 11 x 11, and the scaled
limit of the same quantity. (b) Same as in Fig. 2a for the quantity 4p7((0,0), (X; 7))/
P{0; 0) with ©=0.015. The bar graph was generated from 3,000 pairs of random matrices
of dimension 12 x 12.

formula, we first proceed as in the calculation of the density and calculate
and scale the eigenvalues of each computer-generated random matrix (we
chose 7=0.015). Unlike the calculation of the density, it is necessary to
reject a large number of these matrices because there will be no scaled
eigenvalue is some small neighborhood [ —dY/2+ Y, Y+dY/2] of the
point Y. We chose Y=0 and dY=0.2. A total of 1500 11 x 11 accepted
random matrices were generated, and the eigenvalues recorded for the
empirical computation of the p.df’s P(J; X, 0) and thus from (3.27) for
the empirical computation of two-point equal-parameter distribution. The
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results of this calculation are given as a bar graph in Fig. 2b and compared
with the theoretical curve specified by (3.26b) with p=1 and 7 replaced
by 2Nt/

4. CIRCULAR ENSEMBLE DESCRIPTION

A Brownian motion theory of parameter-dependent circular ensembies
was devised by Dyson.”*> The theory gives that the eigenvalue p.d.f of a
random unitary matrix evolving towards a member of the CUE satisfies the
Fokker-Planck equation in Proposition 2.1 with W therein replaced by its
periodic version:

W=— % loglsinn(x,—x;)/L|, —L2<x;<L)2 (4.1

1< j<k<N

For the COE - CUE transition the density—density correlation has been
calculated in ref. 5 (see eq. (1.1) above) and the equal-parameter distribu-
tion has been calculated in ref. 11. For both quantities, agreement was
found with the corresponding quantities in the scaled N — co limit of the
GOE - GUE transition (for the density-density correlation, this was
demonstrated in Section 2.3).

Our objective in this section is to calculate the equal parameter dis-
tribution in the circular ensemble for the analogue of the Gaussian anti-
symmetric Hermitian to GUE transition. The analogue of the eigenvalue
p.d.f. is defined as the solution of the Fokker-Planck equation in Proposi-
tion 2.1 with W given by (4.1) and initial conditions

1 . .
S(Xy oy X)) =— I sin m(x; — x;)/L sin 7(x; + x;)/L
N 1<j<k<[N/2]
[N2]
X H J(Xj—xNH—j)X(NC)(xlr-~,X(N+1)/2) (4.2a)
j=1

where

[N/2]
x'=1 for Neven, xy= [] sin’nx,/Lo(xy,.,,) for N odd

/=1 (4.2b)
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Since the Fokker-Planck equation in Proposition 2.1 with W replaced
by (4.1) has Green function‘> !9

G(x ™., X0  x 4y X 3 T)

sin 7(x; — x;)/L
sin 7(x{Y — x{)/L

tEy

=e det[ g(c)(x,(-o), xk)]j,k= L.~ (43a)

I<j<k<sN

where
(C)( +(0) 1 (0) .
£, x) =7 Ouln(x” —x)/L; )

2r\2 N(N*-1) 212
= — —_ — d o —2n°t/L
E, < ) B an q:=e

(4.3b)

with 8,=46, for N even, 0, =6, for N odd, our task is to compute (3.4) and
(3.5) with G given by (4.3a) and f given by (4.2).

Our strategy is analogous to that used in the previous section: we first
express the eigenvalue p.d.f. (3.4) as a Pfaffian and then write p, as a
quaternion determinant involving appropriate skew orthogonal poly-
nomials. With G given by (4.3) and f given by (4.2), the eigenvalue p.d.f.
(3.4) is given in terms of a Pfaffian according to Proposition 3.1 with H,
replaced by

HOs, yi 1) imois [ (0, (n(u— x)Li 4) 0m(u+ )/Li )
a % VT =573 o sin2mu/L"° » 419 Y4

—0,(n(u— y)/L; q) 0n(u + x)/L; q)) (44a)
and F(x; ) replaced by
FOx; 1) 1= 30 (nx/L; q) (4.4b)

(of course E, and C also require replacing).
The appropriate skew symmetric inner product { »{™ say is now
given by (c.f. (3.7))

c L2 L2 c
SN0 =[" dn | dnHOG, 0 )80 (452)

and in the limit T — O this reduces to

1 2 dx

S8y =3

5 ) Sinzmc/L(f(X)g(—X)—f(-—JC)g(X)) (4.5b)
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For the circular ensemble the skew orthogonal “polynomials” are linear

quence of the Vandermonde-type expansion

I‘I 2 sin n(xk— j)/L — i—N(n— 1)/2 det[:eZm'x/(k——(N«)—1)/2)/L]j’k=l ,,,,, ~
I<j<ksN

used in the Green function (4.3a). From the theory of Section 2.2 we have
that if the skew orthogonal polynomials of the =0 inner product are of
the form
N
U"(x; 0) — Z a"eZni(n —(N+1)/2) x/L (4.63.)
n=1
then the skew orthogonal polynomials for the inner product (4.5a) are
given by

N
Ufx;7)= Z a,,q(""‘N+ D/2)2x/L p2miln— (N +1)/2) x/L (4.6b)

n=1

Using the integration formula

r/z sin 27zipx/L (L/2) sgn(p), p odd (4.7)
o sin2ax/L 0, p even '
we can readily check that the functions
eZni(n+ I—(N+1)2)x/L + eZni(l —(N+1)/2)x/L n even
U,,(X; 0) _ eZm‘(n+ I —(N+1)/2)x/L __ eZm'(n— L —(N+1)2)x/L n odd # 1 (483.)
eZni(Z—(N+l)/2)x/L n= 1
are skew orthogonal with respect to (4.5b) with normalization
u,=—iL (4.8b)
and are of the form (4.6a). Thus, according to (4.6b),
q—(n+1—(N+ 1)/2)2e27zi(n+ 1—(N+1)/2)x/L
+gm -V 1)/2)? g2mi(1 ~ (N + 1)/2) x/L n even
UJx,1)= q—(n+ L~ (N +1)/2)2 y2zi(n + 1 — (N + 1)/2) x/L (4.8¢)
—(n—1— 2 in—1 —
_q {(n—1—(N+1)/2) eZm(ﬂ I —(N+1)/2)yx/L n Odd # 1
q~(2—(N+1)/2)2827ti(2—(N+l)/2)x/L n=1

are skew orthogonal with respect to (4.5a).
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Propositions 3.2 and 3.3 still apply for p,, except that now w(y) =1,
H, is to be replaced by H{® as given by (4.4a), F(x; 7) is to be replaced
by F“)x; 1) as given by (4.4b) and the intervals of integration ( — oo, o)
are now [ —L/2, L/2]. Using (4.7) to carry out the integrations in the
modified form of the definition of V,(x; ) given in Proposition 3.2, we
obtain the explicit formulas

VZn—— 1(x§ r) = iq<3/2—2n+N/z)zezni(3/2—2n+N/z)x/L (n +# 1) (4.98‘)
i ad .
VZn—Z(x; T) =_2_ ( Z R Sgn(p _ 1/2) q(2p—-2n+(N+ 1)/2)2e2m(2p—2n+(N+ 1)/2) x/L
p=—®

fe el
+ Z Sgn(p__1/2)q(zp—2+<1v+1)/2)Zezni(2p—2+(1v+1)/z)x/L>

p=—0
(4.9b)
Vi (x; r)=% i sgn(p — 1/2) q(Zp——3+(N+l)/2)2e27ri(2p—3+(N+1)/2)x/L
p=-e (4.9¢)

while carrying out the integration in the modified form of the definition of
a; in Proposition 3.3 gives
0, Jjodd(#1)
a=<1  j=1 (4.10)
2, jeven

All the quantities in Propositions 3.2 and 3.3 are thus known explicitly, and
therefore so is p,, in the finite system. To evaluate p, in the thermodynamic
limit, it still remains to obtain the asymptotic values of {U,(x; )}, 0, ;..
etc. which, following the strategy used in the previous sections, allows the
asymptotic value of the sums to be computed. The cases N even and N odd
will be treated separately.

N even

From (4.8) and (4.9), for N— o0 and 2j/N==:1¢ fixed,

Uzj(x; )~ e2rp Y ale —1/2)2 g 2ripx(s ~1/2) + eV t/2p —mipx (4.11a)
2d 2mp)P o(t — 1/2)2 ,2mipx(t — 1/2)
Vajsr(x: 1)~ (€5 e~ ) (4.11b)

. 2t — 2 i -
V2j+l(x; T)~le 2(np)- (2 1/2)e 2mipx(t—1/2) (411C)
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iN ® 2 2 ; _
sz(X; T)~Z-<J‘ dS Sgn(S) e——z(ﬂp) ‘r(s—l+l/2)eZmpx(s t+1/2)
—~ o0

+ J‘OO dS Sgn(s) e—Z(np)2 (s + 1/2)ze2nipx(s + l/2)> (41 ld)
Also®™
1 1/2
£ yi0~(5) epl-(r-pPe]  (412a)
so comparison with (2.20e) shows
HOx, y; )~ H,(x, ¥37) (4.12b)

Using these results we see that, as in the Gaussian case, the sums in
Proposition 3.2 tend to integrals in the thermodynamic limit. Straight-
forward manipulation of the integrals gives

Sevcn(C)(x; VY;T) ~ Seven(x’ y;7) (4.13a)
1

Deven(C)(x, Vi )~ _Nﬁevc“(x, ¥ 7) (4131’))

I°V°"‘C’(x, V1) ~ _.Nf"“’e"(x’ y;7) (4.13c)

where $°¥" etc. are given by (3.20). In the thermodynamic limit p,, is there-
fore given by the right hand side of (3.21), in agreement with the scaled
limit in the Gaussian case.

N odd

From (4.8) and (4.9), modified according to the prescription of
Proposition 3.3, for N - o with N odd and 2j/N =1 fixed,

£ 2 - 2 i - 2 i

UZj(X; T) ~ eZ(np) (e~ 1/2) eZmpx(l l/2)_e(np) r/Zempx (4143)
77 2d 2AmpY o(e—1/2) ,2mipx{t — 1/2)
Usjii(x; T)~N;;(€ ’ e ) (4.14b)
Vyii(x; 1)~ jo = UmpY et = 1/2) g —2mipx(i = 1/2)y (4.14c)

j .

I7 ( . _l]_V « d -2(7zp)zt(s——l+ 1/2)2 2ripxis —t 4+ 1/2)
25X Ty~ 2 s sgn(s) e e
— oo

_Jw ds sgn(s) e—2(np)zr(s—l/Z)ZeZm'px(:—1/2)> (4.14d)
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and the result (4.12b) holds independent of the parity of N. Substitution in
Proposition 3.3 shows that the results (4.13) again hold, with the super-
script “even” now replaced by “odd” ($°% etc. is given by (4.23b)-(4.25b)),
and consequently the thermodynamic value of p, with N odd agree with
the result obtained in the scaled N — oo limit of the Gaussian case, which
is given by the right hand side of (3.21) with $°¥** etc. replaced by S
etc..

5. DENSITY-DENSITY CORRELATION FOR THE CIRCULAR
ENSEMBLE DESCRIPTION

The formalism of Section 2 only requires minor modification to be
applicable to the calculation of the density—density correlation in the cir-
cular ensemble Brownian motion model of the previous section. This is also
true of the calculation of the density—density correlation for the Gaussian
anti-symmetric Hermitian to GUE transition. However, in the latter case,
it turns out that the task of simplifying the analogue of the sums in
Proposition 2.3 in the scaled N— oo limit is very tedious. From the
evidence of the results of the calculations for p,, we would expect both
descriptions would give the same expressions in the N — oo limit, so little
is lost by omitting this calculation. Even in the circular ensemble case, the
task of simplifying the analogue of the sums in Proposition 2.3 is still
difficult; for this reason we have restricted attention to the calculation of
dp(g)((xa, ra)? (xb’ Tb)) with Ta =0.

As we have noted, the formula in Proposition 2.3 for ,p, is again
applicable in the present setting, after minor modification. These modifica-
tions are necessary since in the derivation of Proposition 2.3 it was
assumed that the initial distribution was of the form (2.12) and that N was
even. Also, we want to specialize the formulas so that 7,=0. Taking these
points of detail into consideration, but still following the general strategy
which led to Proposition 2.3, we find that the analogue of Proposition 2.3
in the present setting is given by the following result.

Proposition 5.1. Let N be even and suppose the initial distribu-
tion is given by (4.2) and the Green function is given by (4.3). Define

[ _aly) _
Wii=[ | Tt A0 A=) = 4,(=0) Al dy

where

L/2
40)=]" 568,57 Uls; 0) ds
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with {U;(x; 7)},_, . given by (4.8¢c). Then dp(Tz,((xa,O), (x5, T5)) 18 given
by the formula given in Proposition 2.3 for 4p,, with /; replaced by u; and
7,=0, 7, =7. For N odd modify the definition of 4,(y) to read

A;(y) = fuz/z b(s) Uy, 53 7) Uyls; v) ds

and let the above form for W), apply for k(j)# N+ 1, while for k()=
N+1let

L/2 -
W= =Wyoryi=] | 568050 Ui 1) ds

Then again 4p5,((x,, 0), (x,, 7)) is given by the formula given in Proposi-
tion 2.3 for ,,p(g, with &, replaced by u; and 7,=0, 7,=1 and the upper
terminals of summation equal to (N + 1)/2.

The task is now to compute the above sums in Proposition 2.3,
modified according to the above proposition, in the thermodynamic limit.
As we have done throughout, we do this by computing the asymptotics of
the summands. The sums then become Riemann integrals, which we
attempt to express in the simplest form. As the calculation is very similar
to that presented in previous sections, we will present only the result for
the asymptotics of the distinct sums in Proposition 2.3.

N even

For N even we find

%‘2 KZj. 2j— 1{(Xar X455 7)
j=1 u;

1/2
~4p? <J dt 270 cos 2mpt(x, — Xx3)
0
* —2AnmpY ult
X f du e ?7P7YT cos 2mpu(x, — xp)
0

12 .
+j dt X7 0o 2mpt(x, + X,)
0

xro du e~ 2774 cog 27zpu(xa+x,,)> (5.1a)
0
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N/2 l
Z 2,25 = 1(Xa50) Jopr 25 (%45 7)
ai=2 W

2
p 16 2, . .
~ —_4‘ < ‘anxa el sin 2npx, sin mpx,

x _ 2,2 . 1 2 .
X f du e 2% gin 2mpux, + €™ sin 2npx,
o 2rpx

a

1/2
X J‘ du e—Z(np)ZuZT 2 Re( __6e2nipxb(u+ 1/2) + 282nipxb(u— l/2))
0

. 12 2,2 . .
—16sin zpx, J du ™% sin 2mpux, sin 2npux,
0

*® - 2,2 . 16 2 N
x| dt e~ % gin 2nprx, — 3 eV cos mpx, sin mpx,

12 npX,

i/2
- 2,2 . .
x| due "’ gin 2mpux, sin 2mpux,
[

12 2np) i
-8 fo dt e*"™P7""" cos 2npt(x, — x,)

12
— 2 ,,2.
x f du e~ 2PY 4% 008 2mpu(x,, — X,,)
0

1/2
-8 f dt X% cos 2npt(x,, + x,)
0

12
x| due 2" o8 2mpu(x, + x,,)> (5.1b)
0
N/2 1 N/2 l
Yy — L gy (%25 0) Jope 1(Xp5T) + Y, — 5 1((x4:0) I3, 0, 1(x45 7)
=2y j=2%t
2 .
(S
X I du e =207 sin drpux, (5.1c)
0
8 sin 27tpx 2 172 2,2
—_—— 8 L (mp)r/2 di —2AnmpYu*t 2 1 5.
2, e J;) e cos px,(2u + )) (5.1d)
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Nz
Z F(IZj,2j'(xa;O)JZj’—1,2j~l(xb;T)+12j,2j’(xb;r)IZj’—l,Zj-—l(xa;O))
G j=2"i%
N2
i
~ = Z _IZj,Zj'—l(xa;O) sz'"zj—l(xb;‘f) (5.1e)
s =2 %l
and
Np2 N2
Z Iy 5;(x,;0) o g 1(xp5T) + z — Ly (%45 0) Ty 25(xp; T)
=2l i=2%th
N2
~ - Z ‘u';‘]z.zj'—x(xﬁO)sz',x(beT)
Jr=2%14)
N2
+ 3 o Iy (3 0) Ty (50 )) (5.10)

One of the reasons for the tediousness of this calculation is the need to con-
sider separately the sums in (5.1c) and (5.le). This is due to the special
form of U,(x; 7).

Combining these asymptotic results gives as our final formula

dp(g)((xaf O)a (xln T))

-4y sin 2zpx,, sin mpx, a2

e o]
—2np)Yulc
2mp% o duy e 4" sin 2mpux,
a

. 12 2,2 . .
—8p? sin npx, J du e*™“ sin 2npux, sin 2mpux,
0

© 8 ple(mriie/2
- 242 -
x| dte 2"’ gin 2nptx, —

COS TPX,, SIN TPX,
12 2npx, “

1/2
_ 2,,2 . .

xf du e =2 **% 5in 2mpux, sin 2rnpux,

0

2 1/2 3 5.2
+4p J dt ™71 cos 2mpt(x, — X))
]

® 2,2
x| due """ cos 2npu(x, — x,)

1/2

1,2
+4p? j dt €2 cos 2mpt(x, + x;)
0

x| due=27¥ cos dmpu(x, + x,) (5.2)
1/2
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4Py ((0,0), (X; 7))/ o1y (0:0)
2.25}

Fig. 3. Same as in Fig. 2a for the quantity dp";,((O, 0), (X; 7))/p1)(0; 0) with 7 =0.025. The
bar graph was generated from 3,000 pairs of random matrices of dimension 12 x 12,

The density—density correlation (5.2) can be calculated empirically by
generating pairs of random matrices in an analogous fashion to the calcula-
tion of 4p [, for the GOE — GUE transition (recall the text above (2.24)).
The first member of each pair is a Gaussian anti-symmetric Hermitian ran-
dom matrix generated according to (3.1). However, since the correspond-
ing density is not uniform in the neighborhood of the origin, we must reject
the matrix unless there is a scaled eigenvalue in some interval [ ¥, Y +dY]
(recall the discussion of the calculation of (3.27)). We chose Y=0 and
dY =0.1. The second member is constructed from the first (assumed accepted)
according to Definition 2.1 with a specific value of . Analogous to (3.27)
we compute the density—density correlation using the formula

Z((0,0), (X, 7 Wz .
P(l)(O, 7) = —(N—1)2

where P(j; X') has the same meaning as in (3.27). The result of this com-
putation for t=0.025 and N=12 is given as a bar graph in Fig. 3 and
compared with the theoretical curve given by (52) with p=1 and ¢
replaced by 2Nt/n’.

N odd

For N even the sum (5.1a) remains applicable. For the other sums we
find
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(N=D2 ]
——Iy; 25 _1(X,; 0) sz', 2j— (X535 7)
e wu
Ji=2 "7
2 1/2
P 8 2 . _ 2,2
~ —— | ——— """ 2 5in 2npx, cos mpx, | due VT cos 2mpux,
4 2npx, 0

172
— 2,,2
+l6cosnpx,,j du e 27T cos 2mpux,
0

1/2
2,2 . . 2
x f dt e*™*" "% sin 2mptx, sin 2nptx,— e 2 cos mpx,, cos mpx,
0

a

172 3.2
x| due "% cos 2mpux,, sin 2npux,
0

12 12 ),
-8 f dt €271 o8 drpt(x, — x;) f du e =274 cos 2mpu( x , — x;)
0 0

172 ,
-8 f dt X707 cos 2mpt(x, + X )
4]

172 3.2
x| due "4 cos 2mpu(x, + x,,)) (5.4a)
¢
(N—1)2 1
2 Z _Izj.zj'—l(xu;O)sz'.zj—l(xh;T)
goj=2 Wity
(N—1)/2 1
~ = Z ‘_(IZj,Zj'(xa§O)sz'—l,zj'—l(xb§T)
si=2 Wl
+Jy 2j'(xb; T) L 12— 1(x,;0)) (5.4b)
(N—1)/2 1
Z _"12.21'——1(Xa§O)sz'_l(xb;T)
y—2 Wil
(N—-1)/2
+ Z _Izj,l(xa§0)~]2.2j—|(xb;T)
Soe Wi
(N—1)/2 1
~ —( j'§2 mlz,zj'(x,.;()) sz'—l,l(beT)
(N—-1)/2
T SR FANCAE ) . (5:40)
j=2 Wit



108 Forrester and Nagao

(N—1)/2
Z L n(%430) I i1, 254 1(X05 T)
j=1 Uny;
(N—1)2 1
- Z ‘IN,zj—l(xa§O)sz,N+1(xb§T)
j=1 Witn

2

(e o]
. 2 — 2
sin 27mpx, cos mpx, e/ J’ e~ 27 o5 dmpsx, ds

a 0

2 °° ~2(np)sit
+ 8p* cos npxaf e~ 2mPYST cos mpx,
0
12 2,.2.
X f e>mP’ T cos 2mpux, cos 2mpux, du (5.44)
0
Combining these asymptotic results gives that in the thermodynamic

limit for N odd

dp(g)((xa’ 0), (xba T))

sin 2mpx, cos mpx 2.0 & o)
=4p? PXa PXb gmoier2 [~ gy = 2mpPi o 2mpux,
2npx, 12

172 5 5
—8p?cos npx, f du e*™PY" cos 2rpux, cos 2npux,
0

2 (np)zr/Z
®© _ 2,2 8p“e
x| dt e 2" cos 2npitx, — ———
1/2 2npx

a

COS TPX, Sin PX,,

had _ 2,2
x| due 277" cos 2mpux,, cos 2npux,
i/2

1/2
+4p? L dr 2’ cos 2npt(x,, — X3)

® _ 2,2
x| due 2" cos 2mpu(x, — x,)
172

1/2
+4p? J. dt 277 cos 2mpt(x, + X5)
4]

x| due=27 cos dmpu(x, + xb)> (5.5)
12
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As a check on this formula, we note that for N odd, p(,,(0; 0} =0, so
(5.3) gives that 4,p[((0,0), (x, r) =0. It is a simple exercise to verify that
(5.5) has this property.

Further checks on both (5.2) and (5.5) are possible. In the limit 7 — 0
with x, # x, we must have

dp(z)((xa’ O)’ (xb’ T)) ~ P(Tz()AH)(Xa, Xb) (56)

where p M denotes the scaled truncated two-point distribution function

for Gaussian antisymmetric Hermitian random matrices (for N odd this
statement also assumes x,, x, # 7). Explicitly‘®
sin p(x, —x sin mp(x, + x,)\?

p( b)+(_l)N p( b)> (5.7)

T(AH) - 2
Py (Yo Xo) = =p ( mp(X,—X,) np(x,+x,)

To verify the property (5.6) we use the formulas

© sin mpx

lim e~ cos 2nspx ds = , x#0
e=0 Jip 2npx
and
. @ . COS TTPX
lim e~ sin 2nspx ds = P , x#0
g0 Y12 27pr

in (5.2) and (5.5). After some manipulation the expression (5.7) is obtained.

6. CONCLUDING REMARKS

The density—density correlation and n-point equal parameter distribu-
tion can be computed exactly for parameter-dependent Gaussian random
matrices intermediate between symmetric and Hermitian, and anti-sym-
metric Hermitian and Hermitian. The same correlations can also be com-
puted for the circular ensemble analogues of the these matrices.

Although the equal-parameter distributions, for finite N in the
Gaussian case at least, have been calculated previously, we have
demonstrated how all correlations can be the calculated through the use of
general formulas based on skew-orthogonal polynomials. Furthermore,
since parameter-dependent random matrices are very simple to generate on
a computer, we have been able to provide the empirical evaluation of some
these correlations and thereby to realize the corresponding theoretical
predictions, up to statistical accuracy.
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